ABSTRACT
Introduction
In the field of seismology, earthquake rupture propagation has been modeled as shear crack growth in an elastic medium. Analytic approaches have been limited to simple cases [1] and various numerical techniques have been adopted such as the finite difference method (FDM) [2] , the finite element method (FEM) [3] and the boundary integral equation method (BIEM) [4] [5] [6] [7] [8] [9] to seismological applications. Among them, BIEM is one of the most powerful and accurate numerical methods, especially when the medium can be considiered homogeneous. It has been extensively applied to compute the dynamic rupture of non-planar faults [10] [11] [12] [13] [14] [15] [16] because of its built-in advantages. First, the computations are done only on the boundary (i.e., the crack surface), so that geometrical complexities can be introduced rather easily by discretizing the boundary into small finite elements. This further enables us to investigate self-chosen crack paths in a mesh-free manner because crack growth is easily represented by putting an additional boundary element at the crack tip [17] . Secondly, the elasto-dynamic equation of motion is directly solved to fit the boundary conditions using the theoretical Green's functions, so that a frictional constitutive law can be rigorously introduced on the fault surface. This is an essential part for the analysis of earthquake rupture where a fault friction plays an important role. Robust algorithms have been developed in the past decade, following analytical developments that lead to relatively simple and efficient numerical codes to solve non-planar crack problems as summarized by Tada [18] .
BIEM has been developed primarily to analyze earthquake rupture in an unbounded homogeneous medium though recent works succeeded in homogeneous half-space modeling [19] [20] . The homogeneous full-space modeling works well for rather deep buried fault earthquakes, but it will lose the validity for shallow earthquakes that would closely approach the ground surface or sediment layers under the ground. In such cases, the stress concentration will be affected by their interfaces directly, and also by the reflected seismic waves indirectly. Such interactions have been mainly investigated by FEM and FDM in which medium inhomogeneity can be easily introduced by each element or grid, and significant effects have been found such as arresting of quasi-static crack growth due to a compliant sediment layer [21] and amplification of strong ground motion in the hanging wall of a dipping fault [22] . Rupture geometry has, however, been mostly modeled planar because of the difficulty of mesh arrangement dealing with a complex fault shape, and arbitrary non-planar geometry thus remains unmodeled.
In this paper we propose an extended BIEM (XBIEM) that can in principle deal with arbitrary geometry of crack growth interacting with medium interfaces. The key idea of XBIEM is decomposition of inhomogeneous medium into homogeneous sub-regions (Fig. 1) . We regard the interfaces of sub-regions as 'extended' boundaries on which the boundary integral equations are additionally derived. This is a multi-region approach widely used in the analysis of seismic wave propagation in frequency domain [23] and it is employed here for the crack growth problems in time-domain.
We first formulate XBIEM considering a crack in one of the sub-regions and derive the boundary integral equations both on the crack surface and the medium interfaces. All the boundary integral equations are fully coupled by imposing boundary conditions on the interfaces. In order to solve the coupled equations in XBIEM, we then develop numerical methods. By applying the collocation method employed with piece-wise constant approximation for the source functions, we derive the discretized stress kernel expressions for anti-plane crack analysis. Our XBIEM is implemented by explicit time marching scheme by using effectively the discretized kernels. Finally our XBIEM is tested and validated in two representative planar fault problems with a planar interface.
Extended Boundary Integral Equation Method 2.1 Brief Overview of BIEM
We briefly overview the original BIEM for non-planar rupture analysis in an unbounded homogeneous medium as summarized by Tada [18] . It is based on the representation theorem (e.g., Eqn. (3.2) in Aki and Richards [24] ) 
where u k (x,t) is the displacement in the k-th direction at receiver location x and time t, Γ is the fault surface, ξ ξ ξ is the source position lying on Γ, ∆u i (ξ ξ ξ, τ) is the slip across Γ in the i-th direction at location ξ ξ ξ and time τ, G kp (x,t − τ; ξ ξ ξ, 0) is the displacement Green's function denoting the displacement in the k-th direction at receiver location x and time t − τ due to a unit force in the p-th direction applied at source position ξ ξ ξ and time 0, c i jpq is the component of the modulus tensor, and n(ξ ξ ξ) is the unit normal vector to the fault surface Γ pointing from the negative side Γ − to the positive side Γ + by which ∆u i = u
i is defined. Summation over repeated indices is implied, and no body force is assumed in the medium. By combining with the Hooke's law, the stress component σ kl (x,t) at any location x and t is also represented in terms of the slip on the fault 
where σ 0 kl (x) accounts for a initial field of applied stress that may be present, σ ∆u kl (x,t) is the incremental stress induced by the slip on the fault (crack), and the reciprocity property for the derivative of the Green's function ∂G/∂ξ q = −∂G/∂x q is used.
Equation (3) should hold in the limiting case where the receiver location x approaches the fault surface Γ. The shear traction T (x,t) on Γ, that is, the stress component that acts on the fault surface in the direction of a unit vector t(x) that is tangential to the fault at location x, is therefore given by
where T 0 (x) = n k (x)t l (x)σ 0 kl (x) accounts for the initial traction arising from the presence of the initial applied stress and T ∆u (x,t) is the incremental traction induced by the slip on the fault. This is the boundary integral equation, the fundamental relationship between the spatiotemporal distributions of traction and of slip on the fault embedded in an unbounded homogeneous medium.
XBIEM Formulation: Multi-region Approach
In the formulation of XBIEM, we consider an inhomogeneous medium consisting of two homogeneous sub-regions V and V that are bounded by S and S , respectively (Fig.1) . In order to introduce a medium boundary S into the original BIEM, we shall go back to the representation theorem (e.g., Eqns. (3.1) and (3.2) in Aki and Richards [24] ),
where S is the medium surface, η η η is the location on S, T p (η η η, τ) is the p-th component of traction on S at location η η η and time τ, u i (η η η, τ) is the i-th component of displacement on S at time τ, and n(η η η) is a unit normal vector for the surface S pointing outward. Variables regarding the fault surface are taken the same as in BIEM.
In the original BIEM the integral on the medium surface S has been omitted. This is justified when S goes at infinity because the integral becomes zero. On the other hand, we have to exactly include the integral on S in the formulation of XBIEM: the medium surfaces are regarded as the 'extended' boundaries on which boundary integral equations are additionally derived.
It is worth mentioning that BIEM has been also applied to the field of seismic wave propagation in an inhomogeneous medium consisting of homogeneous sub-regions. Crack surface has been a side issue and usually omitted for mathematical simplicity. Contrary to the crack growth analysis, the medium interface is a 'primary' boundary in this case, and the wave field in each sub-region is connected with one another at the interface. Connecting the elastic fields via interface has been known as a multi-region approach in BIEM and mostly applied in frequency-domain for cases with the interface extent S does not change with time [23] . We here apply this approach in time-domain because the boundary extent may evolve with time.
The stress component σ kl at any location x and time t is then represented as
where σ T kl (x,t) and σ u kl (x,t) are the stresses arising from the distribution of traction and displacement on the medium surface S:
where the property ∂G/∂η q = −∂G/∂x q is used again. In this multi-region approach, the boundary integral equations are derived on the medium surfaces as well as the fault surface. First we derive the boundary integral equation on the fault. When x → Γ, the shear traction T (x,t) in the direction of t(x) is given by
where T T (x,t) = n k (x)t l (x)σ T kl (x,t) and T u (x,t) = n k (x)t l (x)σ u kl (x,t) are the incremental tractions observed at x arising from the traction and displacement sources distributed on the medium surface η η η(∈ S). The original boundary integral equation (Eqn. (4)) is just modified with these two terms.
The boundary condition on the fault surface is given by an appropriate frictional constitutive law. An example is that the shear traction is described in terms of the slip or the slip rate as
where Γ(t) denotes the slipping part of the fault Γ at time t (The geometry of Γ(t) may evolve with t, that is, rupture may grow with time). In earthquake simulations the experimentally derived rate-and state-dependent friction (RSF) has been widely employed as a reasonable constitutive law [25] . It is described by the slip rate ∆u and a general state variable θ which could be the slip on the fault. When x → S, the situation becomes slightly different. Eqn. (7), the surface traction integral term, has to be evaluated at (η η η, τ) = (x,t) where T (x,t) appears in the integrand. The shear traction is thus composed of
With a mathematical property of the Green's function, the integral T T (x,t)| (η η η,τ)=(x,t) is proven to be equal to T (x,t)/2 on condition that S is smooth enough [23] . By canceling the term in both hands, the boundary integral equation on the medium surface is finally given by
where T ∆u (x,t) = n k (x)t l (x)σ ∆u kl (x,t) is the incremental traction observed at x arising from the slip source distributed on the fault surface ξ ξ ξ(∈ Γ). Note that the traction at the receiver location T (x,t) is represented by the surface traction distribution excluding the receiver point T (x,t) and this enables us to solve the boundary integral equation rather easily in numerical computations.
We then turn to the volume V where no crack exists. The variables are denoted with prime superscript when necessary. On the surface S , we derive the boundary integral equation just by omitting T ∆u (x,t):
The volumes V and V are coupled by imposing appropriate boundary condition on the interface S (= S ) based on the contact state. One typical example is that the two surfaces are welded and the traction and displacement are thus continuous on S. The boundary conditions are
Another example is a slipping interface. The traction is again continuous, but the displacement is discontinuous (i.e., the slip ∆u = u − u occurs). If the slip is controlled by an appropriate frictional constitutive law T = f (∆u, ∆u), the boundary conditions are given by
where f is a function that differs from one friction law to another. Finally we have three boundary integral equations (Eqns. (9), (12) and (13)) and three boundary conditons (Eqns. (10) , and (14) or (15)) in terms of the six unknown functions, T (x,t) and ∆u(x,t) on Γ, T (x,t) and u(x,t) on S, and T (x,t) and u (x,t) on S , with an appropriate initial condition (e.g., the medium is at rest at t = 0). We numerically solve the coupled six equations and get the spatiotemporal histories of these six unknown functions as we show in the following subsection.
XBIEM Numerical Method: Anti-plane Case
In the original BIEM, robust algorithms have been developed in the past decade, following analytical developments that lead to relatively simple and efficient numerical codes to solve non-planar crack problems [18] . Based on these algorithms, we here develop numerical methods of XBIEM for solving the coupled boundary integral equations in anti-plane problems. Some additional steps in time marching scheme are newly required on the medium surface whereas the crack part is almost the same as in the original BIEM.
We consider anti-plane crack problems and choose the coordinate axes (x 1 , x 2 ) so that the elastic field variables are independent of the third coordinate x 3 . Then x = (x 1 , x 2 ) and the relevant boundary variables are T (x,t) and ∆u 3 (x,t) on Γ and T (x,t) and u 3 (x,t) on S, and T (x,t) and u 3 (x,t) on S . In the anti-plane problems, the shear tractions T (x,t) and T (x,t) are in the direction of t t t = (0, 0, 1) and they coincide with the traction vector components T 3 (x,t) and T 3 (x,t).
We first summarize the BIEM numerical methods. The collocation method has been widely used, combined with what is known as the piecewise-constant approximation for the slip rate source function. The non-planar fault surface is first divided into finite linear segments by a constant length ∆s and the variables, T (x,t) and ∆u 3 (x,t) in anti-plane cases, are discretized by an interval ∆t on each segment. The (i, k)-th element lies in i-th fault segment Γ i on the fault Γ(= ∑ Γ i ) and k-th step in the discretized time series. Then the slip rate source function is assumed spatially and temporally piecewise-constant over the (i, k)-th element and denoted as ∆u 3:i,k . Note that this discretization itself does not limit the receiver location and time (x,t), that is, the stress σ 3α (x,t) (and the shear traction T (x,t)) can be evaluated at any (x,t) = (x 1 , x 2 ,t). In order to construct the boundary integral equation, we have to choose the collocation point (x col ,t col ) = (x l 1 , x l 2 ,t n ) where and when the traction is evaluated on the (l, n)-th receiver element. It has been chosen at the mid point of the segment conventionally, and at a certain time during n-th time step depending on the problems [8] . The traction at the collocation point is denoted by T l,n and the subscript '3' for the variables is omitted hereafter for brevity.
The boundary integral equation Eqn. (4) on the fault surface is thus discretized into the following algebraic form:
where ∆u i,k is the piecewise-constant slip rate on the (i, k)-th source element, and K ∆u l,i:n−k is the stress kernel representing the incremental traction at the collocation point on the (l, n)-th receiver element induced by the slip rate. The stress kernels are represented by using the theoretical anti-plane Green's function characterized by the medium rigidity µ and shear wave velocity β. The right hand of Eqn. (16) corresponds to T ∆u l,n , that is the incremental traction arising from the slip history on the fault surface. T ∆u l,n consists of two terms: the first represents a instantaneous response where K ∆u 0 = −µ/(2β) relates the current slip rate ∆u l,n to the current traction T l,n , and the second indicates contribution of the past slip rate (=T ∆u l,past ). One of the most essential developments in BIEM is very simple and efficient procedure for the stress kernel calculation for non-planar fault. Each kernels K ∆u l,i;n−k can be easily represented by a linear sum of theoretical stress response of σ 3α (x 1 , x 2 ,t) to the specific semi-infinite distribution of the slip rate ∆u = H(t)H(x 1 ) lying on the x 1 -axis. This was originally developed by Cochard and Madariaga [5] and extensively investigated for 2-D and 3-D crack problems by Tada [18] (see references therein). The stress kernels in the (global) coordinate of interest are computed in the local coordinate: we first take the local coordinate along a source element (i, k) and calculate the ∆u i,k induced stress σ 3α:l,n at the collocation point on the receiver (l, n) element in the local coordinate. Secondly we calculate the shear traction T = n α t 3 σ 3α = t 3 (σ 31 n 1 + σ 32 n 2 ) considering the normal and tangential vectors in the local coordinate, and this is K ∆u l,i;n−k in the global coordinate. BIEM exactly includes the stress interaction among non-planar fault elements by using the theoretical Green's functions and it is the reason why BIEM is one of the most accurate numerical methods for non-planar rupture dynamics.
The discretized boundary integral equation is solved in the following explicit time marching scheme combined with an appropriate boundary condition on the fault surface. If we consider the simplest case T l,n = 0 (free surface), for example, the unknown slip rate ∆u l,n is just given in terms of the past slip rate as
Generally we can solve the two unknowns, T l,n and ∆u l,n , under a frictional constitutive law
by an explicit time stepping scheme. In the development of XBIEM numerical methods, we apply the same piecewise-constant approximation to source variables on the extended boundaries, T (x,t) andu 3 (x,t) on S, and T (x,t) andu 3 (x,t) on S . They are discretized and denoted as T i,k andu i,k on S, and T i,k andu i,k on S . By choosing the collocation points in the same way, (x col ,t col ) = (x l 1 , x l 2 ,t n ) for the traction T l,n on the (l, n)-th receiver element, the boundary integral equations on Γ, S and S are discretized into the following algebraic forms:
and
where T T l,n and T u l,n represent the incremental traction at the collocation point arising from the traction T i,k and the displacement rateu i,k on the medium surface S. Parallel representations hold for T T l,n and T u l,n , but are omitted for brevity. T ∆u l,n and T u l,n consist of the instantaneous and past response terms, and the instantaneous term appears only when the source element of ∆u l,n (oru l,n ) coincides with the receiver element of T l,n in the boundary integral equations. Note that Eqn. (22) does not involve the instantaneous response K T 0 T l,n because it has been isolated from the integral prior to the discretization and already canceled at both hands of the boundary integral equation (Eqn. (12)) in the XBIEM formulation. Finally T l,n on the surface S is related to the displacement rateu l,n on S whereas T l,n on the crack Γ is related to the slip rate ∆u l,n on Γ.
In order to calculate the stress kernels in XBIEM, we employ the same procedure as in BIEM. We employ the same specific function T,u = H(t)H(x 1 ) distributed on the x 1 -axis and derive the theoretical stress response σ 3α at arbitrary receiver point (x 1 , x 2 ,t). Note that the stress responses arising from the displacement rate on the surface in Eqn. (8) are just the negative of those for the slip rate on the fault in Eqn. (3) . We can therefore make use of the previously derived kernel function for the displacement rate. This immediately leads to the instantaneous response Ku 0 = −K ∆u 0 = µ/(2β). The stress responses induced by the traction rate are newly derived and completely described in Appendix A.
The discretized boundary integral equations enable us to solve the six unknowns at the time step n in the following explicit time marching scheme. When we consider the fault surface, T l,n and ∆u l,n on Γ, the integral equation (18) is decoupled from the other two at the current time step, so that we can solve two unknowns T l,n and ∆u l,n under the boundary condition given on a fault surface. If we simply consider a traction free fault (T l,n = 0), the unknown slip rate is determined as
It is almost the same as Eqn. (17) except for the two additional traction terms T T l,past and T u l,past arising from the medium surface S. The two unknowns can be determined in a explicit time stepping if we consider a frictional constitutive law (e.g.,
On the medium interface, we have four equations (two boundary integral equations and two boundary conditions) for four unknowns T l,n ,u l,n , T l,n andu l,n . When the two volumes are welded at the interface and the boundary conditions are given by Eqns. (14), the solutions arė
On the other hand, when the interface is slipping we can also determine the four unknowns in a explicit time scheme. If we consider a traction free interface, for example, the solutions arė
If the boundary conditions are given by Eqns. (15) we can also determine the four unknowns. Lastly we consider two typical cases with the Earth's surface where no adjacent volume V exists. We have two unknowns T l,n andu l,n on S. When T l,n is specified (i.e., the Neumann condition),u l,n is determined aṡ
and whenu l,n is specified (i.e., the Dirichlet condition), T l,n is determined as
Repeating the above time marching scheme step by step, we investigate the time evolution of boundary variables in XBIEM.
XBIEM Validation Tests
We have shown the explicit time marching scheme of XBIEM for dynamic rupture interacting with medium interfaces. XBIEM is here implemented and validated in two classical planar crack problems for which analytic solutions exist in limited aspects: one is in an unbounded homogeneous medium and another is in a bi-material.
Slip-rate on Instantaneous Crack
Burridge [26] found an analytic solution for the slip rate on a finite anti-plane crack without friction in an unbounded homogeneous medium. The crack lying on x 1 -axis with length 2a appears instantaneously along its entire length at t = 0 with stress drop ∆σ and does not propagate. As an validation test of our XBIEM, we compare the numerical solution with the analytic one as done in the development of BIEM [5] .
In order to compute the full-space problem by using XBIEM, an equivalent problem is considered in a homogenous half-space (consider only the upper half-space V + bounded by a surface S + on x 1 -axis in Fig. 2 ). The equivalent problem is attained by imposing the stress boundary condition on the crack region (T = 0 for −a ≤ x 1 ≤ a) and the displacement boundary condition outside it (u 3 = 0 for |x 1 | > a) under a homogeneously applied initial stress σ 0 32 = ∆σ. The displacement condition comes from the antisymmetry of the displacement field in the full space with respect to x 1 -axis. With a sudden stress drop at t = 0, we investigate the displacement rate on the crack region by using Eqn. (30) and the traction evolution outside it by using Eqn. (31).
We compare the slip rate as a function of time for the analytical solution and for the numerical one (Fig. 3) . We see that the numerical solution is very close to the analytical one except near the arrival of the stopping phases, indicated by arrows, arising from the edges of the crack. Accuracy of the numerical method is verified in this simple problem.
Spontaneous Crack Growth along Bi-material Interface
Next XBIEM is tested in the simulation of spontaneous growth of a crack along a planar bi-material interface at which two homogeneous half-spaces V ± with surfaces S ± are adjoining on the x 1 -axis (Fig. 2) . Each homogeneous material is characterized by the medium rigidity µ ± and the shear wave velocity β ± , respectively. The analytically derived stress coefficient for a semi-infinite kinematic rupture propagating with a constant sub-shear rupture velocity v r (< β ± ) shows that the stress concentration approaches zero when v r → β − , where β − indicates the lower shear wave velocity in the bi-material (Appendix B). It implies that the upper limit of the rupture velocity is β − for spontaneously accelerating crack growth from a static state. This prediction is confirmed by numerical simulations by XBIEM.
We start spontaneous rupture from a seed crack with length 2a instantaneously appearing at t = 0 under a homogeneously applied initial stress σ 0 32 = ∆σ. On the crack surface (= slipping interface), stress boundary condition is given by T = 0 (the stress drop is ∆σ). Otherwise the two volumes are welded at the interface and the boundary conditions are given by Eqn. (14) . Crack growth is here assumed to be described by a finite stress criterion τ p : if the shear traction T at the crack tip exceeds τ p , the crack propagates by one element at that time step. We set τ p = 3∆σ. By applying the time stepping scheme Eqns. (27), (28) and (29) to the slipping interface and Eqns. (25) and (26) to the welded interface, we determine the spatiotemporal history of the traction and the displacement rate on both S + and S − . Figure 4 shows the spatiotemporal evolution of the crack tip position for different material contrast r = β − /β + . It clearly shows that the rupture velocity finally approaches the lower shear wave velocity of the bi-material. XBIEM for rupture dynamics interacting with medium interface is successfully validated in this problem. Aiming for simulation of non-planar earthquake rupture interacting with medium interfaces, we proposed an extended boundary integral equation method (XBIEM). In the formulation of XBIEM, we employ a multi-region approach where the interfaces of the sub-regions are regarded as extended boundaries on which boundary integral equations are additionally derived. We derived complete set of the boundary integral equations that are fully coupled by boundary conditions on the extended boundaries.
We next developed numerical methods necessary for solving the coupled boundary integral equations for anti-plane problems. Based on the established BIEM algorithms, we derived the discretized stress kernels that represent dynamic interactions among non-planar boundary elements. We developed explicit time marching scheme in order to determine the spatiotemporal functions on all the boundaries, the crack surface and the medium surfaces.
We tested and validated our XBIEM in two classical problems for which analytic solutions exist. XBIEM calculation of the slipping rate on a instantaneous crack in an unbounded homogeneous medium showed a good agreement with the analytic solution. We then tested our XBIEM in a bi-material. In the simulation of spontaneous rupture propagation along a bimaterial interface, numerical results successfully agreed with the theoretical prediction that the rupture velocity approached the lower shear wave velocity of the bi-material.
Though we have just demonstrated our XBIEM in the simple planar crack problems with planar surfaces, XBIEM is in principle applicable to dynamic rupture of non-planar faults. The kernels derived here are enough for modeling arbitrary non-planar geometry of faults, and can be applied to self-chosen crack path modeling with a mesh-free manner. We challenge it in order to investigate the effects of stress interaction with medium interfaces on the formation of non-planar geometry of earthquake faults.
Our numerical development was made only in anti-plane cases though our formulation works in all the 2-D and 3-D problems. We hope that XBIEM is applied to various problems in the field of earthquake seismology.
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where G 33 denotes the anti-plane Green's function
and H(·) is the Heaviside step function. A temporally and spatially piecewise-constant interpolation is applied to the slip rate, traction, and displacement rate (all assumed to distributed on the x 1 -axis) as:
After applying the integration by parts with respect to τ for the reduction of hyper-singularity that would appear in the second order derivative of the Green's function, we substitute the discretized functions Eqn. (36) for the integrals and derive the coefficients. The coefficients for the stress are
where
l,m,n,i,k had been derived in Tada and Madariaga [8] and reproduced here for the reader's convenience.
Appendix B: Shear Stress for Kinematic Rupture at Bi-material Interface
We consider a bi-material in which two isotropic homogeneous elastic half-spaces are adjoining at x 1 -axis. We presume anti-plane deformation in the x 3 -direction, and the equations of motion are thus
where u ± 3 are the displacements, β ± are the shear wave velocities of the half-spaces, and ± denotes the quantities in the upper (x 2 > 0) and lower (x 2 < 0) half-spaces, respectively. We denote the medium rigidities µ ± and assume β − ≤ β + .
We consider a kinematic rupture propagating at the bi-material interface in the +x 1 direction with a prescribed rupture velocity and a presumed displacement discontinuity. We shall consider the case in which phenomena appear to be stationary if looked at in a coordinate
on condition that the rupture is semi-infinite and propagating from t = −∞ with a constant rupture velocity v r . Boundary condition regarding the displacement discontinuity across the rupture is given by
where ∆u is a constant and H(·) is the Heaviside step function. The stress across the interface is continuous, so that the stress boundary condition is given by
If looked at in the moving coordinate, Eqn. (46) is rewritten as
, and v r is assumed sub-shear velocity (i.e., v r ≤ β ± ). By applying Fourier transform to u 3 (x 1 ) in Eqn. (50), the solutionsũ 3 (k 1 ) in wavenumber domain that are bounded at
where A ± are constant coefficients that should be constrained by the boundary conditions (Eqns. (48) and (49)), and they therefore lead to
By applying inverse Fourier transform toũ 3 (k 1 , x 2 ) with the above coefficients, we shall get the displacement u 3 (x 1 , x 2 ) that satisfies the boundary conditions. Being followed by Hooke's law, the shear stress σ 32 near the propagating rupture front is finally expressed by
This indicates that the shear stress concentration becomes zero if rupture velocity v r increases to be the lower shear wave velocity β − . It implies that the upper limit of rupture velocity in the sub-shear regime would be β − in the bi-material. 
Proposal of Extended Boundary Integral Equation Method for Rupture Dynamics Interacting With Medium Interfaces
The boundary integral equation method (BIEM) has been applied to the analysis of rupture propagation of nonplanar faults in an unbounded homogeneous elastic medium. Here, we propose an extended BIEM (XBIEM) that is applicable in an inhomogeneous bounded medium consisting of homogeneous sub-regions. In the formulation of the XBIEM, the interfaces of the sub-regions are regarded as extended boundaries upon which boundary integral equations are additionally derived. This has been originally known as a multiregion approach in the analysis of seismic wave propagation in the frequency domain and it is employed here for rupture dynamics interacting with medium interfaces in time domain. All of the boundary integral equations are fully coupled by imposing boundary conditions on the extended boundaries and then numerically solved after spatiotemporal discretization. This paper gives the explicit expressions of discretized stress kernels for anti-plane nonplanar problems and the numerical method for the implementation of the XBIEM, which are validated in two representative planar fault problems.
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Introduction
In the field of seismology, earthquake rupture propagation has been modeled as shear crack growth in an elastic medium. Analytic approaches have been limited to simple cases [1] and various numerical techniques have been adopted, such as the finite difference method (FDM) [2] , the finite element method (FEM) [3] , and the boundary integral equation method (BIEM) [4] [5] [6] [7] [8] [9] to seismological applications. Among them, the BIEM is one of the most powerful and accurate numerical methods, especially when the medium can be considered homogeneous. It has been extensively applied to compute the dynamic rupture of nonplanar faults [10] [11] [12] [13] [14] [15] [16] because of its built-in advantages. First, the computations are done only on the boundary (i.e., the crack surface), so that geometrical complexities can be introduced rather easily by discretizing the boundary into small finite elements. This further enables us to investigate self-chosen crack paths in a mesh-free manner because crack growth is easily represented by putting an additional boundary element at the crack tip [17] . Second, the elasto-dynamic equation of motion is directly solved to fit the boundary conditions using the theoretical Green's functions, so that a frictional constitutive law can be rigorously introduced on the fault surface. This is an essential part for the analysis of earthquake rupture where a fault friction plays an important role. Robust algorithms have been developed in the past decade, following analytical developments that led to relatively simple and efficient numerical codes to solve nonplanar crack problems, as summarized by Tada [18] .
The BIEM has primarily been developed to analyze earthquake rupture in an unbounded homogeneous medium, although recent works succeeded in homogeneous half-space modeling [19, 20] . The homogeneous full-space modeling works well for rather deep buried fault earthquakes, but it will lose the validity for shallow earthquakes that would closely approach the ground surface or sediment layers under the ground. In such cases, the stress concentration will be directly affected by their interfaces, and also indirectly by the reflected seismic waves. Such interactions have been mainly investigated by the FEM and the FDM in which medium inhomogeneity can be easily introduced by each element or grid, and significant effects have been found, such as arresting of quasistatic crack growth due to a compliant sediment layer [21] and amplification of strong ground motion in the hanging wall of a dipping fault [22] . Rupture geometry has, however, been mostly modeled as planar because of the difficulty of a mesh arrangement dealing with a complex fault shape, and arbitrary nonplanar geometry thus remains unmodeled.
In this paper we propose an extended BIEM (XBIEM) that can, in principle, deal with the arbitrary geometry of crack growth interacting with medium interfaces. The key idea of the XBIEM is the decomposition of an inhomogeneous medium into homogeneous sub-regions (Fig. 1) . We regard the interfaces of subregions as 'extended' boundaries on which the boundary integral equations are additionally derived. This is a multiregion approach widely used in the analysis of seismic wave propagation in the frequency domain [23] and it is employed here for the crack growth problems in the time-domain.
We first formulate the XBIEM, considering a crack in one of the sub-regions and derive the boundary integral equations both on the crack surface and the medium interfaces. All of the boundary integral equations are fully coupled by imposing boundary conditions on the interfaces. In order to solve the coupled equations in the XBIEM, we then develop numerical methods. By applying the collocation method employed with piece-wise constant approximation for the source functions, we derive the discretized stress kernel expressions for anti-plane crack analysis. Our XBIEM is implemented by an explicit time marching scheme by effectively using the discretized kernels. Finally, our XBIEM is tested and validated in two representative planar fault problems with a planar interface.
Extended Boundary Integral Equation Method
2.1 Brief Overview of BIEM. We briefly overview the original BIEM for nonplanar rupture analysis in an unbounded homogeneous medium, as summarized by Tada [18] . It is based on the representation theorem (e.g., Eq. where u k (x, t) is the displacement in the kth direction at receiver location x and time t, C is the fault surface, n is the source position lying on C, Du i (n, s) is the slip across C in the ith direction at location n and time s, G kp (x, t À s; n, 0) is the displacement Green's function denoting the displacement in the kth direction at receiver location x and time t À s due to a unit force in the pth direction applied at source position n and time 0, c ijpq is the component of the modulus tensor, and n(n) is the unit normal vector to the fault surface C pointing from the negative side C À to the positive side C þ by which
is defined. The summation over repeated indices is implied, and no body force is assumed in the medium. By combining with Hooke's law, the stress component r kl (x, t) at any location x and time t is also represented in terms of the slip on the fault r kl ðx; tÞ ¼ r 
where r 0 kl ðxÞ accounts for an initial field of applied stress that may be present, r Du kl ðx; tÞ is the incremental stress induced by the slip on the fault (crack), and the reciprocity property for the derivative of the Green's function @G=@n q ¼ À@G=@x q is used.
Equation (3) should hold in the limiting case where the receiver location x approaches the fault surface C. The shear traction T(x, t) on C, that is, the stress component that acts on the fault surface in the direction of a unit vector t(x) that is tangential to the fault at location x, is therefore given by where T 0 ðxÞ ¼ n k ðxÞt l ðxÞr 0 kl ðxÞ accounts for the initial traction arising from the presence of the initial applied stress and T Du (x, t) is the incremental traction induced by the slip on the fault. This is the boundary integral equation, which is the fundamental relationship between the spatiotemporal distributions of traction and of slip on the fault embedded in an unbounded homogeneous medium.
2.2 XBIEM Formulation: Multiregion Approach. In the formulation of the XBIEM, we consider an inhomogeneous medium consisting of two homogeneous sub-regions V and V 0 that are bounded by S and S 0 , respectively (Fig. 1) . In order to introduce a medium boundary S into the original BIEM, we shall go back to the representation theorem (e.g., Eqs. (3.1) (5) where S is the medium surface, g is the location on S, T p (g, s) is the pth component of traction on S at location g and time s, u i (g, s) is the ith component of displacement on S at time s, and n(g) is a unit normal vector for the surface S pointing outward. Variables regarding the fault surface are taken the same as in the BIEM. In the original BIEM, the integral on the medium surface S has been omitted. This is justified when S goes to infinity because the integral becomes zero. On the contrary, we have to exactly include the integral on S in the formulation of the XBIEM: the medium surfaces are regarded as the 'extended' boundaries on which boundary integral equations are additionally derived.
It is worth mentioning that the BIEM has also been applied to the field of seismic wave propagation in an inhomogeneous medium consisting of homogeneous sub-regions. The crack surface has been a side issue and usually omitted for mathematical simplicity. Contrary to the crack growth analysis, the medium interface is a 'primary' boundary in this case, and the wave field in each subregion is connected with one another at the interface. Connecting the elastic fields via the interface has been known as a multiregion approach in the BIEM and is mostly applied in the frequencydomain for cases where the interface extent S does not change with time [23] . Here, we apply this approach in the time-domain because the boundary extent may evolve with time.
The stress component r kl at any location x and time t is then represented as r kl ðx; tÞ ¼ r 
where r T kl ðx; tÞ and r u kl ðx; tÞ are the stresses arising from the distribution of traction and displacement on the medium surface S Fig. 1 Schematic illustration of the configuration of a crack and homogeneous sub-regions. A crack surface C is in a homogeneous volume V that is bounded by a medium surface S. Another volume V' with a surface S' is adjoining. The two surfaces S and S 0 are identical except that their normal vectors n and n 0 are in the opposite direction.
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Transactions of the ASME where the property @G=@g q ¼ À@G=@x q is used again. In this multiregion approach, the boundary integral equations are derived on the medium surfaces and on the fault surface. First, we derive the boundary integral equation on the fault. When x ! C, the shear traction T(x, t) in the direction of t(x) is given by 
where T T ðx; tÞ ¼ n k ðxÞt l ðxÞr T kl ðx; tÞ and T u ðx; tÞ ¼ n k ðxÞt l ðxÞ r u kl ðx; tÞ are the incremental tractions observed at x arising from the traction and displacement sources distributed on the medium surface gð2 SÞ. The original boundary integral equation (Eq. (4)) is just modified with these two terms.
The boundary condition on the fault surface is given by an appropriate frictional constitutive law. An example of this is that the shear traction is described in terms of the slip or the slip rate as Tðx; tÞ ¼ FðDu; D _ uÞ ðx 2 CðtÞÞ (10) where CðtÞ denotes the slipping part of the fault C at time t (The geometry of CðtÞ may evolve with t, that is, the rupture may grow with time). In earthquake simulations the experimentally derived rate and state-dependent friction has been widely employed as a reasonable constitutive law [25] . It is described by the slip rate D _ u and a general state variable h which could be the slip on the fault. When x ! S, the situation becomes slightly different. Equation (7), the surface traction integral term, has to be evaluated at (g, s) ¼ (x, t) where T(x, t) appears in the integrand. The shear traction is thus composed of Tðx; tÞ ¼ n k ðxÞt l ðxÞr kl ðx; tÞ
With a mathematical property of the Green's function, the integral T T ðx; tÞj ðg; sÞ¼ðx; tÞ is proven to be equal to T(x, t)/2 on the condition that S is smooth enough [23] . By canceling the term on both sides, the boundary integral equation on the medium surface is finally given by 
where t) is represented by the surface traction distribution, excluding the receiver point T(x, t), and this enables us to solve the boundary integral equation rather easily in numerical computations.
We then turn to the volume V 0 where no crack exists. The variables are denoted with a superscript prime when necessary. On the surface S 0 , we derive the boundary integral equation just by omitting T Du (x, t) T 0 ðx; tÞ=2 ¼ T 00 ðxÞ þ T 0T 0 ðx; tÞj ðg; sÞ6 ¼ðx; tÞ þ T 0u 0 ðx; tÞ ðx; g 2 S 0 Þ
The volumes V and V 0 are coupled by imposing an appropriate boundary condition on the interface S (¼S 0 ) based on the contact state. One typical example is that the two surfaces are welded and the traction and displacement are thus continuous on S. The boundary conditions are 
Another example is a slipping interface. The traction is again continuous, but the displacement is discontinuous (i.e., the slip Du ¼ u À u 0 occurs). If the slip is controlled by an appropriate frictional constitutive law T ¼ f ðDu; D _ uÞ, the boundary conditions are given by 
where f is a function that differs from one friction law to another. Finally, we have three boundary integral equations (Eqs. (9), (12) , and (13)) and three boundary conditions (Eqs. (10), and (14), or (15) ) in terms of the six unknown functions T(x, t) and Du(x, t) on C, T(x, t) and u(x, t) on S, and T'(x, t) and u 0 (x, t) on S 0 , with an appropriate initial condition (e.g., the medium is at rest at t ¼ 0). We numerically solve the six coupled equations and obtain the spatiotemporal histories of these six unknown functions, as we will show in the following subsection.
2.3 XBIEM Numerical Method: Anti-Plane Case. In the original BIEM, robust algorithms have been developed in the past decade, following analytical developments that led to relatively simple and efficient numerical codes to solve nonplanar crack problems [18] . Based on these algorithms, here we develop the numerical methods of the XBIEM for solving the coupled boundary integral equations in the anti-plane problems. Some additional steps in the time marching scheme are newly required on the medium surface, whereas the crack part is almost the same as in the original BIEM.
We consider anti-plane crack problems and choose the coordinate axes (x 1 , x 2 ) so that the elastic field variables are independent of the third coordinate x 3 . Then x ¼ (x 1 , x 2 ) and the relevant boundary variables are T(x, t) and Du 3 (x, t) on C, T(x, t) and u 3 (x, t) on S, and T 0 (x, t) and u 0 3 ðx; tÞ on S 0 . In the anti-plane problems, the shear tractions T(x, t) and T 0 (x, t) are in the direction of t ¼ (0,0,1) and they coincide with the traction vector components T 3 (x, t) and T 0 3 ðx; tÞ. We first summarize the BIEM numerical methods. The collocation method has been widely used, combined with what is known as the piecewise-constant approximation for the slip rate source function. The nonplanar fault surface is first divided into finite linear segments by a constant length Ds and the variables, T(x, t) and on the fault C ¼ RC i ð Þand the kth step in the discretized time series. Then the slip rate source function is assumed spatially and temporally piecewise-constant over the (i,k) th element and denoted as D _ u 3 : i; k . Note that this discretization itself does not limit the receiver location and time (x, t), that is, the stress r 3a (x, t) (and the shear traction T(x, t)) can be evaluated at any (x, t) ¼ (x 1 , x 2 , t). In order to construct the boundary integral equation, we have to choose the collocation point ðx col ; t col Þ ¼ ðx l 1 ; x l 2 ; t n Þ where and when the traction is evaluated on the (l,n) th receiver element. It has conventionally been chosen at the midpoint of the segment, and at a certain time during the nth time step, depending on the problems [8] . The traction at the collocation point is denoted by T l,n and the subscript '3' for the variables is omitted hereafter for brevity.
The boundary integral equation, Eq. (4), on the fault surface is thus discretized into the following algebraic form
where D _ u i; k is the piecewise-constant slip rate on the (i,k) th source element, and K D _ u l; i:nÀk is the stress kernel representing the incremental traction at the collocation point on the (l,n) th receiver element induced by the slip rate. The stress kernels are represented by using the theoretical anti-plane Green's function characterized by the medium rigidity l and the shear wave velocity b. The right hand side of Eq. (16) l; i; nÀk can be easily represented by a linear sum of the theoretical stress response of r 3a ðx 1 ; x 2 ; tÞ to the specific semi-infinite distribution of the slip rate D _ u ¼ HðtÞHðx 1 Þ lying on the x 1 -axis. This was originally developed by Cochard and Madariaga [5] and extensively investigated for 2-D and 3-D crack problems by Tada [18] (see references therein). The stress kernels in the (global) coordinate of interest are computed in the local coordinate: we first take the local coordinate along a source element (i,k) and calculate the D _ u i; k induced stress r 3a:l,n at the collocation point on the receiver (l,n) element in the local coordinate. Second, we calculate the shear traction T ¼ n a t 3 r 3a ¼ t 3 (r 31 n 1 þ r 32 n 2 ), considering the normal and tangential vectors in the local coordinate, and this is K D _ u l; i; nÀk in the global coordinate. The BIEM exactly includes the stress interaction among nonplanar fault elements by using the theoretical Green's functions and it is the reason why the BIEM is one of the most accurate numerical methods for nonplanar rupture dynamics.
The discretized boundary integral equation is solved in the following explicit time marching scheme combined with an appropriate boundary condition on the fault surface. If we consider the simplest case T l,n ¼ 0 (free surface), for example, the unknown slip rate D _ u l; n is just given in terms of the past slip rate as
Generally, we can solve the two unknowns, T l,n and D _ u l; n , under a frictional constitutive law T l; n ¼ FðDu l; n ; D _ u l; n Þ ¼ FðD _ u l; n Dt þDu l; nÀ1 ; D _ u l; n Þ by an explicit time stepping scheme. In the development of the XBIEM numerical methods, we apply the same piecewise-constant approximation to the source variables on the extended boundaries, T(x, t) and _ u 3 ðx; tÞ on S, and T 0 (x, t) and _ u ; t n Þ for the traction T l,n on the (l,n) th receiver element, the boundary integral equations on C; S, and S 0 are discretized into the following algebraic element, and the boundary integral equations on C; S, and S 0 are discretized into the following algebraic forms
where T ; n consist of the instantaneous and past response terms, and the instantaneous term appears only when the source element of D _ u l; n (or _ u l; n ) coincides with the receiver element of T l,n in the boundary integral equations. Note that Eq. (22) does not involve the instantaneous response K T 0 T l;n because it has been isolated from the integral prior to the discretization and is already canceled at both sides of the boundary integral equation (Eq. (12)) in the XBIEM formulation. Finally, T l,n on the surface S is related to the displacement rate _ u l; n on S whereas T l,n on the crack C is related to the slip rate D _ u l; n on C. In order to calculate the stress kernels in the XBIEM, we employ the same procedure as in the BIEM. We employ the same specific function T, _ u ¼ H t ð ÞH x 1 ð Þ distributed on the x 1 -axis and derive the theoretical stress response r 3a at an arbitrary receiver point (x 1 , x 2 , t). Note that the stress responses arising from the displacement rate on the surface in Eq. (8) are just the negative of those for the slip rate on the fault in Eq. (3). We can, therefore, make use of the previously derived kernel function for the displacement rate. This immediately leads to the instantaneous response K
The stress responses induced by the traction rate are newly derived and completely described in Appendix A.
The discretized boundary integral equations enable us to solve the six unknowns at the time step n in the following explicit time marching scheme. When we consider the fault surface, T l,n and D _ u l; n on C, the integral equation (18) is decoupled from the other two at the current time step, so that we can solve two unknowns, T l,n and D _ u l; n , under the boundary condition given on a fault surface. If we simply consider a traction free fault (T l,n ¼ 0), the unknown slip rate is determined as
It is almost the same as Eq. (17), except for the two additional traction terms, T Transactions of the ASME S. The two unknowns can be determined in an explicit time stepping if we consider a frictional constitutive law (e.g., T l; n ¼ FðDu l; n ; D _ u l; n Þ) on the fault. On the medium interface, we have four equations (two boundary integral equations and two boundary conditions) for four unknowns T l; n ; _ u l; n ; T 0 l; n ; and _ u 0 l; n . When the two volumes are welded at the interface and the boundary conditions are given by Eqs. (14) , the solutions are
On the contrary, when the interface is slipping, we can also determine the four unknowns in an explicit time scheme. If we consider a traction free interface, for example, the solutions are
If the boundary conditions are given by Eqs. (15), we can also determine the four unknowns. Last, we consider two typical cases with the Earth's surface where no adjacent volume V 0 exists. We have two unknowns T l,n and _ u l; n on S. When T l,n is specified (i.e., the Neumann condition), _ u l; n is determined as
and when _ u l; n is specified (i.e., the Dirichlet condition), T l,n is determined as
Repeating the preceding time marching scheme step by step, we investigate the time evolution of boundary variables in the XBIEM.
XBIEM Validation Tests
We have shown the explicit time marching scheme of the XBIEM for dynamic rupture interacting with medium interfaces. Here, the XBIEM is implemented and validated in two classical planar crack problems for which analytic solutions exist in limited aspects: one is in an unbounded homogeneous medium and another is in a bimaterial.
3.1 Slip-Rate on Instantaneous Crack. Burridge [26] found an analytic solution for the slip rate on a finite anti-plane crack without friction in an unbounded homogeneous medium. The crack lying on the x 1 -axis with length 2a instantaneously appears along its entire length at t ¼ 0 with a stress drop Dr and does not propagate. As a validation test of our XBIEM, we compare the numerical solution with the analytic one, as was done in the development of the BIEM [5] .
In order to compute the full-space problem by using the XBIEM, an equivalent problem is considered in a homogenous half-space (consider only the upper half-space V þ bounded by a surface S þ on the x 1 -axis in Fig. 2 ). The equivalent problem is attained by imposing the stress boundary condition on the crack region (T ¼ 0 for À a x 1 a) and the displacement boundary condition outside it (u 3 ¼ 0 for jx 1 j > a) under a homogeneously applied initial stress r 0 32 ¼ Dr. The displacement condition comes from the antisymmetry of the displacement field in the full space with respect to the x 1 -axis. With a sudden stress drop at t ¼ 0, we investigate the displacement rate on the crack region by using Eq. (30) and the traction evolution outside it by using Eq. (31).
We compare the slip rate as a function of time for the analytical solution and for the numerical one (Fig. 3) . We see that the numerical solution is very close to the analytical one, except near the arrival of the stopping phases, indicated by arrows, arising from the edges of the crack. The accuracy of the numerical method is verified in this simple problem.
Spontaneous Crack Growth Along a Bimaterial
Interface. Next, the XBIEM is tested in the simulation of spontaneous growth of a crack along a planar bimaterial interface at which two homogeneous half-spaces V 6 with surfaces S 6 are adjoining on the x 1 -axis (Fig. 2) . Each homogeneous material is characterized by the medium rigidity l 6 and the shear wave velocity b 6 , respectively. The analytically derived stress coefficient for a semi-infinite kinematic rupture propagating with a constant Fig. 2 Configuration of a bimaterial consisting of two homogeneous half-spaces (x 2 > 0 for V 1 and x 2 < 0 for V 2 ) bounded by surfaces S 6 adjoining on the x 1 -axis. Each medium is characterized by the rigidity l 6 and the shear wave velocity b 6 . In the validation tests shown in Figs. 3 and 4 , an initial crack with length 2a is assumed on the x 1 -axis. for the 101th element of an instantaneous crack discretized into 402 elements. The computation is done with normalized quantities: traction T nrml 5 T/Dr, length x nrml 5 x/a, time t nrml ¼ t=ða=bÞ and displacement velocity _ u nrml ¼ _ u=ðbDr=lÞ, where Dr is the stress drop, a is the crack half-length, l is the medium rigidity, and b is the shear wave velocity of the medium. A time step is assumed as Dt 5 Ds/(2b).
sub-shear rupture velocity v r (<b 6 ) shows that the stress concentration approaches zero when v r ! b À , where b À indicates the lower shear wave velocity in the bimaterial (see Appendix B). It implies that the upper limit of the rupture velocity is b À for spontaneously accelerating crack growth from a static state. This prediction is confirmed by numerical simulations by the XBIEM.
We start the spontaneous rupture from a seed crack with length 2a instantaneously appearing at t ¼ 0 under a homogeneously applied initial stress r 0 32 ¼ Dr. On the crack surface ( ¼ slipping interface), the stress boundary condition is given by T ¼ 0 (the stress drop is Dr). Otherwise, the two volumes are welded at the interface and the boundary conditions are given by Eq. (14) . Here, the crack growth is assumed to be described by a finite stress criterion s p : if the shear traction T at the crack tip exceeds s p , the crack propagates by one element at that time step. We set s p ¼ 3Dr. By applying the time stepping scheme in Eqs. (27), (28), and (29) to the slipping interface and Eqs. (25) and (26) to the welded interface, we determine the spatiotemporal history of the traction and the displacement rate on both S þ and S À . Figure 4 shows the spatiotemporal evolution of the crack tip position for different material contrast r ¼ b À /b þ . It clearly shows that the rupture velocity finally approaches the lower shear wave velocity of the bimaterial. The XBIEM for rupture dynamics interacting with medium interface is successfully validated in this problem.
Conclusions
Aiming for the simulation of nonplanar earthquake rupture interacting with medium interfaces, we proposed an extended boundary integral equation method (XBIEM). In the formulation of the XBIEM, we employ a multiregion approach where the interfaces of the sub-regions are regarded as extended boundaries on which boundary integral equations are additionally derived.
We derived a complete set of the boundary integral equations that are fully coupled by boundary conditions on the extended boundaries.
We next developed the numerical methods necessary for solving the coupled boundary integral equations for anti-plane problems. Based on the established BIEM algorithms, we derived the discretized stress kernels that represent dynamic interactions among nonplanar boundary elements. We developed an explicit time marching scheme in order to determine the spatiotemporal functions on all of the boundaries, the crack surface, and the medium surfaces.
We tested and validated our XBIEM in two classical problems for which analytic solutions exist. The XBIEM calculation of the slipping rate on a instantaneous crack in an unbounded homogeneous medium showed a good agreement with the analytic solution. We then tested our XBIEM in a bimaterial. In the simulation of spontaneous rupture propagation along a bimaterial interface, the numerical results successfully agreed with the theoretical prediction that the rupture velocity approached the lower shear wave velocity of the bimaterial.
Although we have just demonstrated our XBIEM in the simple planar crack problems with planar surfaces, the XBIEM is, in principle, applicable to the dynamic rupture of nonplanar faults. The kernels derived here are enough for modeling the arbitrary nonplanar geometry of faults, and can be applied to a self-chosen crack path modeling with a mesh-free manner. We challenge it in order to investigate the effects of stress interaction with medium interfaces on the formation of nonplanar geometry of earthquake faults.
Our numerical development was made only in anti-plane cases, although our formulation works in all of the 2-D and 3-D problems. We hope that the XBIEM is applied to various problems in the field of earthquake seismology.
This indicates that the shear stress concentration becomes zero if the rupture velocity v r increases to be the lower shear wave velocity b À . It implies that the upper limit of the rupture velocity in the sub-shear regime would be b À in the bimaterial.
